Representable Functions

We will show that Peano arithmetic can express all primitive recursive functions.

Note: This is a technical chapter. Readers in a hurry may simply focus on the result stated at the
beginning. However, it is also a pivotal chapter, since we will connect semantics (the world of natural
numbers) with syntax (the language of Peano arithmetic). It also contains one of Godel’s technical
achievements: the function . This function encodes any list of numbers using only two natural numbers.

1. A primitive recursive predicate is representable

1.1. Representable predicate

For a fixed p > 1, write x = (xq,...,%,). If n = (ny,...,n,) € NP, write n = (ny,...,n,) for the
corresponding sequence of numerals.

Definition.

A p-place predicate R(x) is if there exists a formula P(x) in the language £, such that, for

every n € NP:
e if R(n) is true, then: PA + P(n)
e if R(n) is false, then: PA F —=P(n)

Remark: the full term is “predicate strongly representable in the theory P.A of Peano arithmetic”.
Notice carefully the passage from a natural number to its numeral. For example, if p = 1, the predicate
is evaluated as R(n) (with n € N), while the formula P is evaluated as P(n), where the numeral
n=SS8S...50 represents n in L.

Example.
The predicate R(x): “x is an even natural number” is representable by the following formula:

P(x): 3dy x=2xy

Checking this property for a specific natural number is a finite process that can be translated step by
step into a proof within PA.
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1.2. Theorem

Here is the theorem that will be useful in the following chapters. It will be applied to the predicate
“is_proof(N,n)”, which determines whether the formulas encoded by the super-Godel number N form a
proof of the formula with Godel number n.

Theorem 1.
If R is a primitive recursive predicate, then R is representable.

Recall that a predicate is primitive recursive if its characteristic function is primitive recursive. Similarly,
a predicate will be representable if its characteristic function is representable. We will therefore define
and study the more general notion of a representable function, which is essential for proving the theorem
above.

2. Representable functions

2.1. Definition
Definition.
A function f : N> — N is if there exists a formula P(x, y) such that, for every n =

(nq,...,np) ENP:
PA + Vy [P@y) « y=fm)]

Remarks:
* The full term is “function strongly representable in the theory P.A”.
* Once again, this definition connects a natural number k € N with its numeral k in £,.

* The formula P should be understood as the graph of f. For the graph of a function from R to R,
we have y = f(x) if and only if (x, y) belongs to the graph of f. Here, for a function from N? to N,
we have y = f(x) if and only if P(x, y). This is an equivalent way to define the function.

Example.
The function f : N — N defined by f(x) = 2x + 1 is representable. Indeed, consider the formula:

Plx,y) : y=2x+1
It is therefore true (and provable in Peano arithmetic) that P(x, y) holds if and only if y = f(x). In
other words, for every n € N, P(n, y) is true if and only if y = f(n).
But be careful: we have not quite constructed the expression in the language £,. Indeed, the natural
number 2 does not exist there as a symbol; it must be written 2 = $S0. The correct formula in £, is
therefore:
P(x,y) : ¥y =5(550 % x)
And for every n € N, the equivalence is:
Vy [P(Ry) & y=Ffn)]
(where n =SS...S50 is the numeral for the natural number n and f(n) =SS...S0 is the numeral for

the natural number f(n)).
This is indeed a passage from the world of natural numbers to the language L.
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2.2. Equivalent definition

To better understand the definition of a representable function, here is an equivalent definition.
Definition.

A function f : N’ - N is if there exists a formula P(x, y) such that, for every n € N?,
setting m = f (n), we have:

1. PA + P(m,m)
2. PA F Yy [P@y) - y=m]

Correctness means that the formula P does recover the value m of f(n). Uniqueness is essential, since a
function can of course take only one value.

Let us show that this second definition is equivalent to the first. The original definition contains
an equivalence. Uniqueness is exactly the implication —. Starting from the original definition and
specializing the V to y = m gives exactly P(n,m). Conversely, starting from the second definition,
we have P(n,m), which implies that y = m — P(n, y). We then introduce Vy to obtain the reverse
implication («).

In the exercises, we will see counterexamples of formulas that fail correctness or uniqueness.

2.3. Representable predicate

Let us return to the notion of a representable predicate.

Proposition 1.

A predicate R(x) is representable if and only if its characteristic function yy(x) is representable.

Recall that, by definition, yz(x) =1 if R(x) is true, and yz(x) = 0 otherwise.

To simplify the proofs, here and often below, we will write them using as few variables as possible, for
example with p = 1. To obtain the general proof, it would of course be enough to replace x by x and n
by n. We will also write n for both the natural number and its numeral n, since there is no ambiguity.
The following proof is fairly technical and may be skipped on a first reading.

Proof.

. =
Assumption: yjy is a representable function.
Goal: R is a representable predicate.

Let P(x, y) be the formula provided by the assumption, and define P;(x) as P(x, 1). In the formula
obtained from the assumption “yy is a representable function”, set y = 1 to obtain the equivalence:

PA F [P(n,1) & 1= y(n)]
— If R(n) is true, then yz(n) = 1. Thus 1 = yy(n) is true. By the equivalence, P;(n) is also true.

More precisely, PA F (P;(n) < (1 = 1)). Therefore, by the definition of implication, we
obtain: PA F P;(n).

— If R(n) is false, then yz(n) =0, so the equivalence shows that =P, (n) is true.

Thus, the predicate R is indeed represented by the formula P;.

s &
Assumption: R is a representable predicate.
Goal: yjy is a representable function.
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The assumption gives us a formula Py(x) associated with the predicate R. We then construct the
formula P(x, y) for the function yj as follows:

Pley) = (Pol) Ay = 1))V (=Po(x) Ay = 0))
We must verify that this formula does make yy a representable function.
Correctness. Fix a natural number n and set m = yz(n), which is therefore either 0 or 1.
- If m =1, then R(n) is true, so by assumption P.A  Py(n). Therefore PAF Py(n) A(m = 1),
that is, PAF P(n, m).
— If m =0, then R(n) is false, and similarly we obtain P.AF P(n, m).

In both cases, the correctness condition is satisfied.

Uniqueness. For uniqueness, we must show that, for every y: PA F P(n,y) — y =m.

— Case y #0 and y # 1. Then P(n, y) is false, so the implication holds.
- Case y =1.

» If R(n) is true, then PAF Py(n). Therefore PAF Py(n)A(y =1). Thus PAF Py(n)A(y =
DA (y = yr(n)), so PAF (P(n,1) » y = m) (because the statements on both sides of
the implication are true).

« If R(n) is false, then PAF =Py(n), so P(x, y) is false and the implication is true.

— Case y = 0. This is similar to the preceding case.

2.4. Important examples

The goal of the chapter is to prove that all primitive recursive functions are representable. We have
already encountered the strategy: it is enough to prove this for the three basic functions and then show
that the property is preserved under composition and recursion.

Proposition 2.
The basic functions Z, S, and the projections P are representable functions.
Proof. There is not much to prove. We simply need to provide a suitable formula P(x, y).
* Consider the successor function S, defined by S(n) =n+1. Set P(x,y) : y = S(x) (which is a
formula in £;).
For a fixed n € N, writing m = S(n) = n+ 1, we have:
Py) < y=SM) < y=Sn) < y=m
These equivalences are true in any logical system; the Peano axioms are not needed. Thus S is a
representable function.

* For the zero function Z, the formula is P(x,y) : y =0.

* For the projection Pl.p , the formula is P(x,y) : y = x;.
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Proposition 3.
Let f1,...,fq : NP > Nand g : N? — N be representable functions. Then h = g(fi,..., f;) is also repre-
sentable.

Thus representability is preserved under composition. If we prove the same for recursion, we will have
the desired result. However, this latter preservation property will be much more difficult to establish
and will occupy us for the rest of the chapter.

For now, we focus on the proof of the proposition above. As already mentioned, we will give the proof in
a minimal setting, but it is worth discussing the general formula that makes h a representable function:

Pr(%,y) @ Jwq. 3wy Po(wy, .., we, Y) AP W) A+ APy (X, wy)
where P, is the formula associated with the representable function g, and P; is the formula for f;

(i=1,...,q). The role of the variables w; is particularly interesting: they store the intermediate result
w; = fi(n) so that it can be passed to g to compute h(n) = g(wy,...,wy) = g(f1(n),..., fe(n)).

Proof. We prove only the case p =1 and g = 1. Let f; : N — N be a representable function, represented
by the formula P;(x,w). Let g : N — N be a representable function, represented by the formula P,(w, y).
We want to show that the composition h = g o f; : N — N is representable.
Define the formula:

Pu(x,y) = Fw Po(w,y) AP1(x,w)
which will represent the function h. For n € N, set k = f;(n) and m = g(k) = g(f,(n)) = h(n).

* Correctness. By assumption, PA+ Py(k,m) and PAF P;(n, k). Therefore PAF Iw (Po(w, m) A
Pi(n, w)) (it is enough to take w = k). Hence PA+F Py (n, m).

* Uniqueness. By assumption, P.A proves the following two implications:
Yw (Pl(n, w)—>w= k)

and Vy (Po(k,y) —>y= m)
Now suppose that P(n, y) holds. Then there exists w such that Py(w, y) and P;(n,w). Since
P;(n,w) holds, we have w = k. Therefore Py(k, y) holds, which implies y = m. Thus the uniqueness
condition is satisfied: Py(n,y) = y =m.

Proposition 4.
The remainder function, which maps a and b to the remainder remainder(b, a) of the Euclidean division of
b by a, is representable.

Proof. The formula is:
P(a,b,r) : [azO/\bzr]V[EIq <b (b=gqga+r)A(r <a)]
We prove correctness and uniqueness. Indeed, Peano arithmetic proves the existence and uniqueness of

Euclidean division. In fact, this would also hold in Robinson arithmetic Q, without using induction.
Remark: “Idg < b P” means “dq (g < b)AP”. O
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3. Godel’s 5 function

The goal of this section is to study Godel’s f function. This ingenious construction stores any list of
natural numbers (n,,...,n;) using only two natural numbers a and b.

This construction acts as memory. Indeed, to compute a sequence recursively, we must compute
u;,us,...,u;_, before we can compute y;.

3.1. Theorem

Theorem 2.
There exists a function f3 : N® — N that is primitive recursive and representable, and such that, for every
natural number [ and every sequence (n,...,n;) of natural numbers, there exist a, b € N such that:

ﬂ(a’b:i):ni fori:].,...,l.

The function f is ultimately quite simple, since 3(a, b, i) will be the remainder of the Euclidean division
of b by a x i + 1. The difficult part is explaining the existence of these a and b. For this, we will need a
well-known theorem from arithmetic.

3.2. Chinese Remainder Theorem

Theorem 3 (Chinese Remainder Theorem).
Let aq,...,a; be pairwise coprime positive integers. Let ny,...,n; be arbitrary natural numbers. There exists
x € N such that, foreveryi=1,...,L:

x=n; (mod q;)

For two natural numbers, the statement is as follows:

Theorem 4.

Let a and b be coprime positive integers. For every a, 3 € N, there exists x € N such that:
x=a (moda)
x = (mod b)

From an algebraic viewpoint, we even have a group isomorphism:

Z/abZ ~ ZJaZ x Z/bZ

Proof. Define:
¢ :Z/abZ — 7Z/aZ x Z/bZ
by ¢(x%°) = (x¢,x°), where x™ denotes the residue class of the natural number x modulo m.

* ¢ is well-defined. Indeed, if x*® = 3%°, then x = y + kab, so x* = y* and x° = y°. Therefore
$x) = (T

* ¢ is a group homomorphism: ¢(x®* +7%°) = ¢(x*®) + ¢ (7).

* ¢ is injective. If ¢(x?P) = (6a,6b), then x* =0, so x = k;a, and x° = 0, s0x = k,b. Thus

kia = kyb. In particular, b divides k;a. By assumption, a and b are coprime, so Euclid’s lemma
implies that b divides k;, and hence k; = k3b. Thus x = kya = k3ba. Therefore x is a multiple of

—ab . =ab e
ab, and the class ¥ is 0" . Hence the map ¢ is injective.

* Since the domain and codomain have the same cardinality (namely ab), the map is bijective.
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* Thus, for a given (a, ), there exists a preimage x under ¢, which says exactly that:

x=a (moda)
x = (mod b)

3.3. Proof

Construction of a and b. Let n,...,n; € N be given. Choose m € N such that m > [ and m! > n;
(i=1,...,1). Set a =m!. The other natural number b will be constructed using the Chinese Remainder
Theorem.

* The natural numbers ai + 1 are pairwise coprime. Indeed, if a prime number p divides both ai +1
and aj + 1 (with i < j), then, by subtraction, pla(j —i). Thus pla or p|(j —i). Now j—i <l <m
and a = m!, so in either case p < m. It follows that p|m! (that is, p|a), but since p|ai + 1, we then
have p|1. This is a contradiction.

* We have ai +1 > n; because n; <m!=a (i=1,...,0).

* By the Chinese Remainder Theorem, there exists b € N such that:

b=n; (modai+1) foreveryi=1,...,l

Construction of 3. This justifies the construction of : (a, b, 1) is the remainder of the Euclidean
division of b by ai + 1. Indeed, this remainder is characterized by b = n; (mod ai + 1) and n; < ai +1,
as above.

B is primitive recursive. The first part ensures that this coding exists, even though it is somewhat
complicated. Decoding, however, remains simple:

B(a, b,i) =remainder(b, ai + 1)
This remainder is indeed given by a primitive recursive function. In fact:
remainder(b,a) =min{r < b|3g<b b=qa+r}

The condition “dg < b b = qa + r” is a primitive recursive predicate because the quantification is
bounded. The remainder is therefore primitive recursive as well, since it is obtained by bounded
minimization. The bound on the minimum is not the natural one, since a Euclidean division generally
has r < a, but the bound b also covers the exceptional case a = 0.

B is representable. The formula to consider is:

B(a,b,i,r) : (Elq <b b=q(ai+1)+r)/\(r <ai+1)
In other words, r is defined as the remainder of the Euclidean division of b by ai + 1. We have seen that
the remainder function is representable.

Abuse of notation: a, b,i,r are not variables of the language £,; they should be replaced by x;, x5, ...,
but the formulas would become less readable.
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Note. The advantage of coding with the function f is that it uses only addition and multiplication,
which are the only operations allowed by the language £,.

Otherwise, to encode a sequence of natural numbers, we could have used the prime-number coding
2m3m5m | But in £, we are not yet allowed to compute powers: for example, to compute x", we
successively compute x,x2, x3... up to x". We therefore need recursion; in other words, we must be
able to store intermediate results. But we do not yet know that recursion preserves representability,
since that is exactly what we want to prove.

Once we have established the representability of primitive recursive functions using the function 3, we

will be able to use (finite) lists of numbers for Godel coding in the language £,.

4. Primitive recursive functions are representable

Let us now tackle the final goal of the chapter.

Theorem 5.
Every primitive recursive function f : NP — N is representable.

4.1. Recursion

To prove that primitive recursive functions are representable, it remains to show that representability is
preserved under recursion.

Proposition 5.
Let g : NP — N and h : NP*2 — N be representable functions. The function f : N°*! — N defined by the
initial function g and the recursion relation h is representable.

This proposition implies the theorem above, since we have already shown that the three basic functions
Z,S,and Pl.p are representable and that composition preserves representability.

4.2. The formula

We will prove the case p =1 to keep the notation as simple as possible.
* g:N— Nis represented by P,(x,u).
* h:N®— N is represented by P,(x, y,u,v).
e f:N?— N is defined by f(x,0) = g(x) and f(x,y + 1) =h(x,y, f(x,¥)).

The goal is to find a formula that represents f. The formula P(x,y,z) says: “there exists a finite
sequence (encoded by natural numbers a and b) whose first term is 2, = g(x), each transition satisfies
the recursion relation z;,; = h(x, ,%;), and whose last term is z,, = 2”.

We must translate this sentence into £,. To do so, we use Godel’s  function. We make a minor modifi-
cation to obtain convenient indexing: we now assume that 3(a, b, i) encodes a sequence ny, ny, ny, ...
(the indices start at 0). We have seen that the function f3 is representable; denote the corresponding
formula by B(a, b, i, r). Recall that the role of the function f is to store a list of numbers, which here
will be the terms z; of the sequence.

Here is the formula P; in the language L,:

Ps(x,y,2) : da3b Init(a, b,x) ATrans(a, b, x,y) AB(a,b,y,z)

Fix x (in fact, this variable x serves no purpose), set z, = g(x), 2; = h(x,0,2y), 29 = h(x,1,21),..., and
aim to compute z,, in order to verify that it is indeed the value z = f(x, y).

With B denoting the formula associated with Godel’s 8 function, the three parts of the formula P, are
defined as follows:
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* Init(a,b,x): 3Ju B(a,b,0,u) AN Py(x,u)
Thus u = f(a, b,0) (the first term in memory) and at the same time u = g(x), so z; = g(x) =
B(a, b,0).

e Trans(a,b,x,y): Vi<y 3Judv B(a,b,i,u)AB(a,b,i+1,v)APy(x,i,u,v)

The conjunctions give u = (a, b,i), v=B(a, b,i+1), and v = h(x,i,u). Thus, if z; = f(a, b,i) =u,
then z;,; = h(x,1,2;) = h(x,i,u) =v = B(a, b,i + 1). By induction, we therefore have z; = (qa, b, 1)
for every i < y.

* B(a,b,y,z) means that z = f3(a, b, y), that is, z = z,,.

4.3. Correctness

Consider n (for the variable x), I (for the variable y), and m = f(n,1) (for the variable z). Correctness
means that PAF Py (n, 1, m).

This time, set z, = g(n) and z;,; = h(n,i,2;) fori =0,...,l — 1. Final goal: show that m = z,.

We know that there exist a, b encoding the sequence and satisfying f(a, b,i) =g; fori =0,...,1L.

* We have f(a, b,0) = 2, and therefore PA F B(a,b,0,2,) A Pg(n,zp). Thus, setting u = z,, we
obtain PA F Init(a, b, n).
* Next, for z;,,, set u =z; and v = z;, ;. We have:
B(a’ b: i:zi) A B(a7 b’l + 1,zi+1) A Ph(n: i:zi7zi+1)
This holds fori =0,...,l—1, so PAF Trans(a, b,n, ).

* Finally, 2, = f(a, b,1) = f(n,1) = m, and hence B(a, b, [, m) holds.

4.4. Uniqueness

We must prove that:

PA F Vz Pi(n,l,z) > z=m
that is, z = z;.
By induction on I:

* Base case 0: The formula P;(n,0,z) (with m = f(n,0) = g(n) = z,) reduces to:
Ja 3b Init(a, b,n) AB(a, b,0,2)
(because the condition “Vi < 0” is empty, so the predicate Trans is true). Therefore z, = f(a, b,0) =
z, and hence z = m, as desired.
* Inductive step. Fix i such that 0 <i <[ and assume uniqueness holds at rank i:
Yu Pr(n,i,u) Du=g

Let z be such that P(n,i + 1,2) holds. There exist witnesses a,b satisfying Init(a, b,n),
Trans(a, b,n,i+ 1), and B(a, b,i + 1,2). Restricting Trans(a, b, n,i + 1) to indices k < i shows that
these same witnesses a, b along with the value u = (a, b, 1) satisfy Ps(n,i,u). The induction
hypothesis then yields u = z;.

The transition step at rank i yields v = 3(a, b, i+ 1) such that Py(n,i,u,v). By representability of h,
we have v = h(n,i,u) = h(n,i,2;) = 2;,,. Finally, since B(a, b,i+ 1,z) requires z = (a, b,i+1) = v,
we conclude that z = z;,.

* By the induction principle (in P.A), the statement is true for every i < [, and uniqueness is proved.



REPRESENTABLE FUNCTIONS 10

Remark. It is possible to do everything in Robinson arithmetic Q, because our induction is in fact limited
to a finite number of steps (since [ is fixed).
This completes the proof that, for primitive recursive functions, recursion preserves representability.

4.5. Application to predicates

We knew that the three basic primitive recursive functions were representable and that composition
preserved representability. We have just completed the difficult proof that representability is also
preserved under recursion. By the definition of a primitive recursive function, we deduce Theorem 5:
“All primitive recursive functions are representable.”

In particular, we know that a predicate is representable if and only if its characteristic function is
representable. We therefore obtain Theorem 1, announced at the very beginning: “Every primitive
recursive predicate is representable.”
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